introduction
Let G be a finite group and p a prime number. We denote by Irr(G) the set of ordinary (complex-valued) irreducible characters of G, and we let IBr p (G) denote the set of irreducible Brauer characters of G (see [7] for a complete discussion of the basic properties of Brauer characters and blocks). Moreover, given a character χ ∈ Irr(G), we let χ o denote the restriction of χ to the set of p-regular elements of G, which are the elements of G with order not divisible by p. It is well known that for χ ∈ Irr(G), we have
where the d χϕ are uniquely defined nonnegative integers, known as the decomposition numbers of G.
To understand these decomposition numbers better, we need to discuss the notion of blocks. There are many equivalent ways to define blocks, but we will focus on the definition that utilizes the decomposition numbers. To that end, we define the ordinary Brauer graph of G, whose vertices are labeled by Irr(G), and such that χ and ψ are adjacent if there is a Brauer character ϕ such that d χϕ = 0 = d ψϕ . The connected components of this graph describe the blocks of G. In particular, a block B of G is defined to be a subset of Irr(G) ∪ IBr p (G) such that the irreducible characters in B (which we denote by Irr(B)) form a connected component of the ordinary Brauer graph. The Brauer characters in B (denoted by IBr p (B)) are the Brauer characters that appear with nonzero decomposition numbers in the decompositions of the characters in Irr(B). Definition 1.1. Let B be a p-block of a finite group. The ordinary Brauer graph Γ B of B is the graph whose vertices are Irr(B) and such that there is an edge between χ and ψ if there exists a character ϕ ∈ IBr p (B) such that d χϕ = 0 = d ψϕ . The modular Brauer graph Γ o B of B is defined to be the graph whose vertices are IBr p (B) and such that there is an edge between ϕ and θ if there exists a character χ ∈ Irr(B) such that
This paper analyzes the diameter of the Brauer graph of B when the group G is solvable. One of the main tools in block theory is the notion of a defect group D of a block B, which is a uniquely defined (up to conjugacy) psubgroup of G that determines some of the structure of the block. When the defect group of the block B is cyclic, then the object that we are calling the Brauer graph is usually called a Brauer tree [3] (after one adjusts accordingly for the exceptional character). In the case that G is solvable and D is cyclic, the diameter of the ordinary Brauer graph is at most two, though it is unbounded when D is cyclic and G is not solvable (see for instance [4] ).
However, in the case that we are examining, where G is solvable and the defect group is not assumed to be cyclic, it is not necessarily true that the graph forms a tree (and there is no notion of an exceptional character). We will write d(Γ) to be the diameter of the graph Γ.
Our main result is the following: (
Basic results
The proof of the following lemma is trivial and omitted.
Lemma 2.1. Let B be a p-block of a finite group G. Then
Because of Lemma 2.1, most of our results will be proven using the modular Brauer graph to obtain the appropriate bound, and then adding one to obtain the bound for the ordinary Brauer graph.
We will need the following lemma once we have reduced our problem to the "base case". We will use the basic properties of Fong characters discussed in [6] , and the notions of block covering and the height of a character [7] . Lemma 2.2. Let G be a p-solvable group, and let M = O p (G). Let B be a block of G and suppose B covers α ∈ Irr(M ) and that α is invariant in G. Moreover, suppose every character in Irr(B) has height zero. Let H be a p-complement in G. Then restriction is a bijection from IBr p (B) to Irr(H|α).
Proof. Note that by Theorem 10.20 of [7] , a Sylow subgroup of G is a defect group for B, and therefore (since every character of B has height zero) each character ϕ ∈ IBr p (B) has p -degree. Thus each Brauer character ϕ ∈ IBr p (B) restricts irreducibly to its (unique) Fong character in Irr(H). Since α is invariant in G, then the Fong character lies over α, and therefore restriction is an injection from IBr p (B) to Irr(H|α).
To see that restriction is a surjection, suppose γ ∈ Irr(H|α). Since IBr p (B) = IBr p (G|α), we see that γ lies under some character ϕ ∈ IBr p (B). But ϕ restricts irreducibly to H, and thus ϕ H = γ.
Abelian or normal defect groups
In light of the results of the previous section, to prove Theorem 1.2, it is enough to prove the following:
Proof. Write M = O p (G), and suppose that B covers α ∈ Irr(M ). If α is not invariant in G, then induction is a Brauer graph preserving bijection from a block B 0 of G α with defect group D to B (see for instance [1] ), and thus we are done by induction if α is not invariant in G.
Thus we assume that α is invariant in G, and thus the abelian defect group D is a full Sylow p-subgroup of G. Write N/M = O p (G/M ) and note that the assumption that D is abelian and the Hall-Higman lemma imply
, and thus DM = N and G/N is a p -group that acts faithfully and coprimely on the abelian p-group N/M . Now α is a p -special character of M (see [5] for a discussion of the properties of p -special characters) that is invariant in N , and thus α extends to N . Note then that every Brauer character in B has p -degree, and thus we may apply Lemma 2.2. Fix a p-complement H of G, and note that by the previous paragraph, H/M acts coprimely and faithfully on the abelian group N/M .
We define a graph Γ α on Irr(H|α) by connecting γ and δ by an edge if and only if γ G and δ G have a constituent χ ∈ Irr(G) in common. We claim that the bijection ϕ → ϕ H is a graph isomorphism from Γ o B to Γ α . By Lemma 2.2, restriction is a bijection on the vertex sets of these graphs. (Here we are using the fact that the defect group is abelian, and thus every character in the block B has height zero.) Moreover, ϕ and θ are adjacent in Γ o B if and only if there is a character χ ∈ Irr(B) such that ϕ and θ appear in χ o , which occurs if and only if γ and δ appear in χ H . Thus the claim is proven.
Therefore it is enough to prove that Γ α has diameter at most two. Let xM ∈ N/M , and write U/M = C H/M (xM ). We claim that U = H ∩ H g for any element g in xM . Note that if g ∈ xM , then U g = U x = U , so U ≤ H g and thus U ≤ H ∩ H g . We now show the other containment, and
∈ H ∩N = M , and thus H ∩H g centralizes g modulo M , and thus H ∩H g /M ≤ C H/M (gM ) = U/M . Therefore H ∩ H g = U , and the claim is proven.
We claim that γ and δ in Γ α are adjacent if there is a character µ ∈ Irr(U ) such that [γ, µ H ] = 0 = [δ, µ H ]. If g is an element of the coset xM , then as above, H ∩ H g = U and g centralizes U/M . Let ξ ∈ Irr(U N ) be the unique p -special extension of µ to U N , and thus ξ g is the unique p -special extension of µ g to (U N ) g = U N . Since g ∈ U N , we see that ξ g = ξ, and thus µ g = µ. Now by Mackey's theorem, we have that
as a (not necessarily irreducible) constituent. Now δ g lies over µ g = µ, and thus (δ g U ) H (and thus also (δ G ) H ) has γ as a constituent. Therefore
, and γ and δ are adjacent in Γ α , as desired.
Since H/M acts faithfully and coprimely on the abelian group N/M , we have by a result of Dolfi [2] that there are nontrivial elements xM and yM of N/M such that
Now let γ 1 and γ 2 in Irr(H|α) be arbitrary. We claim there exists a character ∈ Irr(H|α) that is linked to both γ 1 and γ 2 in Γ α . Let µ 1 be an irreducible constituent of (γ 1 ) U , and let µ 2 be an irreducible constituent of (γ 2 ) V . Note that both µ 1 and µ 2 lie above α. Recall that U ∩ V = M . Then ((µ 1 ) H ) V contains all of the irreducible characters of V lying above α, and thus ((µ 1 ) H ) V contains µ 2 . Thus (µ 1 ) H contains an irreducible constituent lying over µ 2 . Thus γ 1 and are adjacent because both lie over µ 1 , and γ 2 and are adjacent because both lie over µ 2 . Therefore the diameter of Γ α is at most two, and we are done.
We now prove our second main result about Brauer graphs. We begin by proving the first case of Theorem 1.3 Theorem 3.2. Let G be a p-solvable group and let B be a block of G with normal defect group D. Then the diameter of the ordinary Brauer graph of B is at most three.
Proof. As in the proof of Theorem 1.2, we may let M = O p (G) and assume that B covers the invariant character α ∈ Irr(M ) (since both the decomposition numbers and the assumption that the defect group is normal are clearly preserved by Clifford induction). It is also enough to show that the diameter of the modular Brauer graph is at most two. Note that D = O p (G). We may also of course assume that D is nontrivial, otherwise the result is trivial. Note that all of the characters in the block B lie over α, and thus the relevant decomposition numbers are preserved if we replace (G, M, α) with an isomorphic character triple. Therefore we may assume that M is central in G, and thus The following is an easy corollary of our results, and completes the proof of Theorem 1.3.
Let α ∈ Irr(M ) be covered by B. Notice that if T is the stabilizer in G of α, then T has p-length at most one (if T has p-length zero, then the result obviously holds for every block in T ), and by applying induction to the block of T that induces to B, we may assume that α is invariant in G.
Since the graphs Γ B and Γ o B are completely determined by the characters of G lying above α, we see that by replacing (G, M, α) by an isomorphic character triple, we may assume that M is central in G. Thus N = M × P , where P is a normal Sylow p-subgroup of G. Thus we are done by Theorem 3.2.
An example
In this section we give an example to show that the bound of three can be achieved. Let p be an odd prime, and let K = Z p × Z p . Let H = Z p−1 Z 2 , and let G be the semidirect product of H acting on K, where each Z p−1 factor is acting via automorphisms on one of the Z p factors and fixing the other. Let M be the normal subgroup of G containing K and with index 2 in G, and write
We first enumerate all of the Brauer characters of G. Since K is a normal Sylow p-subgroup, then the Brauer characters of G are precisely the characters of G/K.
is a character of L 1 /K, then α i × α i ∈ Irr(M/K) extends to two linear characters of G/K, which we label α i,1 and α i,2 . These are all of the linear characters of G/K. To obtain the non-linear characters of G/K, let α i and α j be distinct characters of Z p−1 , and note that α i × α j ∈ Irr(M/K) is G-conjugate to α j × α i , and thus we write β i,j = (α i × α j ) G ∈ Irr(G/K). Thus the set
consists of all of the nonlinear characters of G/K, each of which has degree 2.
We now enumerate the characters of G that do not contain K in the kernel. If λ is a nontrivial character of Z p , then the orbit of λ × 1 under the action of G consists of all the characters of the K of the form λ i × 1 or 1 × λ j , where λ i and λ j are nontrivial. Note that if T is the stabilizer of such a character in G, then T < M and |T : K| = p − 1, and thus there are p − 1 irreducible characters in G lying over this orbit, each of which has degree 2(p − 1). Finally, we consider the characters of G lying over characters of the form λ × δ ∈ Irr(K), where λ and δ are nontrivial. There is one such orbit of characters, and any such character has a stabilizer S, not contained in M , such that |S : K| = 2. Thus there are two irreducible characters of G of degree (p − 1) 2 lying over λ × δ, and we denote these by ψ 1 and ψ 2 .
We now compute the restriction of each character to the p-regular elements of G. With the above notation, we first compute χ o i . Let λ × 1 be a constituent of (χ i ) K , and let λ be the unique p-special extension of λ × 1 to L 2 , the stabilizer of λ × 1. Then
and thus
Note that ψ i lies over λ × λ ∈ Irr(K), and thus ψ 1 = ν G , where ν ∈ Irr(V ) is an extension of λ × λ, and |V : K| = 2 with V not contained in M . Thus (
M contains each of the characters of M/K exactly once. Therefore (after relabeling the α j,1 and α j,2 if necessary) we have that
Similarly, we have
The above decompositions show that there is exactly one p-block of G, and the defect group is the abelian group K. Moreover, if i = j, then we claim that the distance from α i,1 to α j,2 (viewed as ordinary irreducible characters of G) is exactly three. This is because the above decompositions show that no ordinary irreducible character contains both α i,1 and α j,2 as constituents. Thus the diameter of the (ordinary) Brauer graph is at least three. Notice also that every ordinary irreducible character is adjacent in the Brauer graph to either ψ 1 or ψ 2 , and that ψ 1 and ψ 2 are adjacent to each other, and thus the diameter of the Brauer graph is exactly three.
These results raise some interesting questions. For instance, in the cyclic defect group case, there is one "exceptional" vertex (which represents many ordinary characters that have the same decomposition numbers), and the graph is a star centered at the exceptional vertex. In the case where the defect group is abelian, there does not necessarily exist an "exceptional" vertex, though there are likely many characters that share the same decomposition numbers. Also, since the diameter is at most three, there must be some vertices with "large" degree (on the order of |Irr(B)|/3), and it would be interesting to know what properties the corresponding characters have (they likely correspond to characters in D with "large" orbit in N G (D)). Finally, it would be interesting to know what graphs of can actually be the Brauer graph of a block of a solvable group.
It also seems possible that there exists a bound on the diameter of the Brauer graph of a block of a solvable group with arbitrary defect group. This bound would likely be a function of some statistic about either the defect group itself (for instance, the nilpotence class or derived length) or perhaps the p-length of the group G.
